
Note that

Goal: sampling                                                             according toJ = {i1, . . . , iM} ⇢ {1, 2, . . . , n} = [n]
<latexit sha1_base64="AokocAu//g9iHcH3AvuZcZe1NXI="></latexit><latexit sha1_base64="AokocAu//g9iHcH3AvuZcZe1NXI="></latexit><latexit sha1_base64="AokocAu//g9iHcH3AvuZcZe1NXI="></latexit>

`(i,�)
<latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit><latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit><latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit>

A successful approach used to scale kernel methods to large datasets is to 
(1) find a small set of Nyström centres that accurately approximates the kernel matrix, 
(2) run a fast kernel regression solver exploiting the approximation.  
The second step is currently much faster than the first, and the bottleneck of this pipeline 
is constructing an accurate set of Nyström centres. 
We propose BLESS, to remove this bottleneck. It is currently the fastest Nyström center 
selection algorithm with provable accuracy guarantees.
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Computing LS is too expensive. We need an approximation [3]:

let the kernel matrix                   , be such that  
D = {x1, . . . , xn}

<latexit sha1_base64="zIx3Dm5EdzyR32DddGRB3p4GPxI="></latexit><latexit sha1_base64="zIx3Dm5EdzyR32DddGRB3p4GPxI="></latexit><latexit sha1_base64="zIx3Dm5EdzyR32DddGRB3p4GPxI="></latexit>

Given a dataset                             , a positive definite kernel                          ,            
K̂ ∈ Rn×n

<latexit sha1_base64="TCsXcPd/2Ax25lZoAixWpwTKcro="></latexit><latexit sha1_base64="pdATh0eOOX89o+g1NJbnSsExK+k="></latexit><latexit sha1_base64="pdATh0eOOX89o+g1NJbnSsExK+k="></latexit>

bKij = k(xi, xj)
<latexit sha1_base64="TeXvZgCAZp64YlaAGyY+XmOBecI="></latexit><latexit sha1_base64="TeXvZgCAZp64YlaAGyY+XmOBecI="></latexit><latexit sha1_base64="TeXvZgCAZp64YlaAGyY+XmOBecI="></latexit>

k : X ⇥ X ! R
<latexit sha1_base64="o2pZh1qyCWryc5xYly1PLm2SD2g="></latexit><latexit sha1_base64="o2pZh1qyCWryc5xYly1PLm2SD2g="></latexit><latexit sha1_base64="o2pZh1qyCWryc5xYly1PLm2SD2g="></latexit>

define the leverage score [1] as

U
<latexit sha1_base64="maPW/EspTtDSedSkZSiqsxwfTvI=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EIHpUaFNQkdnxqoOzs8vMrCCL1Huv9RN6il77L/2C/kbjR5BRBy4czrmXe+/xI86Utu0Pa219Y3NrO7WT3t3bPzjMHB3fqTCWFDwa8lA2faKAMwGeZppDM5JAAp9Dwx9dzfzGGKRiobjVkwg6ARkI1meUaCPVvW4ma+fyRfey7GBDSm65VDTEtd1CoYKdnD1HFi1R62Y+272QxgEITTlRquXYke4kRGpGOUzT7VhBROiIDKBlqCABqE4yP3SKz43Sw/1QmhIaz9WfEwkJlJoEvukMiB6q395M/Mtrxbpf7iRMRLEGQReL+jHHOsSzr3GPSaCaTwwhVDJzK6ZDIgnVJpuVLUPgY9DTdNok8/0+/p94+VwlZ9cL2er1wyKiFDpFZ+gCOaiEqugG1ZCHKAL0iJ7Qs3VvvViv1tuidc1axnqCVmC9fwFfJ5YH</latexit><latexit sha1_base64="maPW/EspTtDSedSkZSiqsxwfTvI=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EIHpUaFNQkdnxqoOzs8vMrCCL1Huv9RN6il77L/2C/kbjR5BRBy4czrmXe+/xI86Utu0Pa219Y3NrO7WT3t3bPzjMHB3fqTCWFDwa8lA2faKAMwGeZppDM5JAAp9Dwx9dzfzGGKRiobjVkwg6ARkI1meUaCPVvW4ma+fyRfey7GBDSm65VDTEtd1CoYKdnD1HFi1R62Y+272QxgEITTlRquXYke4kRGpGOUzT7VhBROiIDKBlqCABqE4yP3SKz43Sw/1QmhIaz9WfEwkJlJoEvukMiB6q395M/Mtrxbpf7iRMRLEGQReL+jHHOsSzr3GPSaCaTwwhVDJzK6ZDIgnVJpuVLUPgY9DTdNok8/0+/p94+VwlZ9cL2er1wyKiFDpFZ+gCOaiEqugG1ZCHKAL0iJ7Qs3VvvViv1tuidc1axnqCVmC9fwFfJ5YH</latexit><latexit sha1_base64="maPW/EspTtDSedSkZSiqsxwfTvI=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EIHpUaFNQkdnxqoOzs8vMrCCL1Huv9RN6il77L/2C/kbjR5BRBy4czrmXe+/xI86Utu0Pa219Y3NrO7WT3t3bPzjMHB3fqTCWFDwa8lA2faKAMwGeZppDM5JAAp9Dwx9dzfzGGKRiobjVkwg6ARkI1meUaCPVvW4ma+fyRfey7GBDSm65VDTEtd1CoYKdnD1HFi1R62Y+272QxgEITTlRquXYke4kRGpGOUzT7VhBROiIDKBlqCABqE4yP3SKz43Sw/1QmhIaz9WfEwkJlJoEvukMiB6q395M/Mtrxbpf7iRMRLEGQReL+jHHOsSzr3GPSaCaTwwhVDJzK6ZDIgnVJpuVLUPgY9DTdNok8/0+/p94+VwlZ9cL2er1wyKiFDpFZ+gCOaiEqugG1ZCHKAL0iJ7Qs3VvvViv1tuidc1axnqCVmC9fwFfJ5YH</latexit>

J
<latexit sha1_base64="zqOLVUIziJbp891teZZ4PLeuCAk=">AAAB/HicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILCCKeEnBNIAlhdtKbDJmdXWZmAyEEvXvVT/AkXv0Xv8DfcPIQjGhBQ1HVTXeXF3GmtON8WIm19Y3NreR2amd3b/8gfXh0p8JYUnBpyEPZ9IgCzgS4mmkOzUgCCTwODW94OfMbI5CKheJWjyPoBKQvmM8o0Uaq33TTGcfOFfMX5Sw2pJQvl4qG5J18oVDBWduZI4OWqHXTn+1eSOMAhKacKNXKOpHuTIjUjHKYptqxgojQIelDy1BBAlCdyfzQKT4zSg/7oTQlNJ6rPycmJFBqHHimMyB6oH57M/EvrxVrv9yZMBHFGgRdLPJjjnWIZ1/jHpNANR8bQqhk5lZMB0QSqk02K1sGwEegp6mUSeb7ffw/cXN2xXbqhUz16mERURKdoFN0jrKohKroGtWQiygC9Iie0LN1b71Yr9bbojVhLWM9Riuw3r8ATZ+V/A==</latexit><latexit sha1_base64="zqOLVUIziJbp891teZZ4PLeuCAk=">AAAB/HicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILCCKeEnBNIAlhdtKbDJmdXWZmAyEEvXvVT/AkXv0Xv8DfcPIQjGhBQ1HVTXeXF3GmtON8WIm19Y3NreR2amd3b/8gfXh0p8JYUnBpyEPZ9IgCzgS4mmkOzUgCCTwODW94OfMbI5CKheJWjyPoBKQvmM8o0Uaq33TTGcfOFfMX5Sw2pJQvl4qG5J18oVDBWduZI4OWqHXTn+1eSOMAhKacKNXKOpHuTIjUjHKYptqxgojQIelDy1BBAlCdyfzQKT4zSg/7oTQlNJ6rPycmJFBqHHimMyB6oH57M/EvrxVrv9yZMBHFGgRdLPJjjnWIZ1/jHpNANR8bQqhk5lZMB0QSqk02K1sGwEegp6mUSeb7ffw/cXN2xXbqhUz16mERURKdoFN0jrKohKroGtWQiygC9Iie0LN1b71Yr9bbojVhLWM9Riuw3r8ATZ+V/A==</latexit><latexit sha1_base64="zqOLVUIziJbp891teZZ4PLeuCAk=">AAAB/HicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILCCKeEnBNIAlhdtKbDJmdXWZmAyEEvXvVT/AkXv0Xv8DfcPIQjGhBQ1HVTXeXF3GmtON8WIm19Y3NreR2amd3b/8gfXh0p8JYUnBpyEPZ9IgCzgS4mmkOzUgCCTwODW94OfMbI5CKheJWjyPoBKQvmM8o0Uaq33TTGcfOFfMX5Sw2pJQvl4qG5J18oVDBWduZI4OWqHXTn+1eSOMAhKacKNXKOpHuTIjUjHKYptqxgojQIelDy1BBAlCdyfzQKT4zSg/7oTQlNJ6rPycmJFBqHHimMyB6oH57M/EvrxVrv9yZMBHFGgRdLPJjjnWIZ1/jHpNANR8bQqhk5lZMB0QSqk02K1sGwEegp6mUSeb7ffw/cXN2xXbqhUz16mERURKdoFN0jrKohKroGtWQiygC9Iie0LN1b71Yr9bbojVhLWM9Riuw3r8ATZ+V/A==</latexit>

è
J(u1,�)

<latexit sha1_base64="p1G9Sezaao9naF2n1xV8nI7jrW0="></latexit><latexit sha1_base64="p1G9Sezaao9naF2n1xV8nI7jrW0="></latexit><latexit sha1_base64="p1G9Sezaao9naF2n1xV8nI7jrW0="></latexit>

è
J(u2,�)

<latexit sha1_base64="5orEOAq4SGI0mbU7cO/HavIoOkc="></latexit><latexit sha1_base64="5orEOAq4SGI0mbU7cO/HavIoOkc="></latexit><latexit sha1_base64="5orEOAq4SGI0mbU7cO/HavIoOkc="></latexit>

è
J(u3,�)

<latexit sha1_base64="FS1OS6jKQBN9JpRAOXpr+Djizps="></latexit><latexit sha1_base64="FS1OS6jKQBN9JpRAOXpr+Djizps="></latexit><latexit sha1_base64="FS1OS6jKQBN9JpRAOXpr+Djizps="></latexit>

è
J(u4,�)

<latexit sha1_base64="dBcY0BS7IUwpv1zyDsr6C444Srs="></latexit><latexit sha1_base64="dBcY0BS7IUwpv1zyDsr6C444Srs="></latexit><latexit sha1_base64="dBcY0BS7IUwpv1zyDsr6C444Srs="></latexit>

with

d1(�) = n max
i=1,...,n

`(i,�)
<latexit sha1_base64="sNaflzl2UH3mezFrn/3W8iQuSGw="></latexit><latexit sha1_base64="sNaflzl2UH3mezFrn/3W8iQuSGw="></latexit><latexit sha1_base64="sNaflzl2UH3mezFrn/3W8iQuSGw="></latexit>

d2z(�) =
nX

i=1

`(i,�),
<latexit sha1_base64="K7LN7Snl8p3gwui9k3ECEWwcV8g="></latexit><latexit sha1_base64="K7LN7Snl8p3gwui9k3ECEWwcV8g="></latexit><latexit sha1_base64="K7LN7Snl8p3gwui9k3ECEWwcV8g="></latexit>

Note:
|J |

<latexit sha1_base64="s7i9YXcRPBEGAwZvszS088b4SDQ=">AAAB/nicdVDJSgNBEO2JWxy3qEcvjUHwFGaymOQW9CKeIhojJEPo6dQkTXoWunsCYZKDH+BVP8GTePVX/AJ/w84iGNEHBY/3qqiq50acSWVZH0ZqZXVtfSO9aW5t7+zuZfYP7mQYCwoNGvJQ3LtEAmcBNBRTHO4jAcR3OTTdwcXUbw5BSBYGt2oUgeOTXsA8RonS0s34atzJZK1cvlQ4q9hYk3KhUi5pUrAKxWIV2zlrhixaoN7JfLa7IY19CBTlRMqWbUXKSYhQjHKYmO1YQkTogPSgpWlAfJBOMjt1gk+00sVeKHQFCs/UnxMJ8aUc+a7u9Inqy9/eVPzLa8XKqzgJC6JYQUDni7yYYxXi6d+4ywRQxUeaECqYvhXTPhGEKp3O0pY+8CGoiWnqZL7fx/+TRj5XzVnXxWztfBFRGh2hY3SKbFRGNXSJ6qiBKOqhR/SEno0H48V4Nd7mrSljMXOIlmC8fwH87paE</latexit><latexit sha1_base64="s7i9YXcRPBEGAwZvszS088b4SDQ=">AAAB/nicdVDJSgNBEO2JWxy3qEcvjUHwFGaymOQW9CKeIhojJEPo6dQkTXoWunsCYZKDH+BVP8GTePVX/AJ/w84iGNEHBY/3qqiq50acSWVZH0ZqZXVtfSO9aW5t7+zuZfYP7mQYCwoNGvJQ3LtEAmcBNBRTHO4jAcR3OTTdwcXUbw5BSBYGt2oUgeOTXsA8RonS0s34atzJZK1cvlQ4q9hYk3KhUi5pUrAKxWIV2zlrhixaoN7JfLa7IY19CBTlRMqWbUXKSYhQjHKYmO1YQkTogPSgpWlAfJBOMjt1gk+00sVeKHQFCs/UnxMJ8aUc+a7u9Inqy9/eVPzLa8XKqzgJC6JYQUDni7yYYxXi6d+4ywRQxUeaECqYvhXTPhGEKp3O0pY+8CGoiWnqZL7fx/+TRj5XzVnXxWztfBFRGh2hY3SKbFRGNXSJ6qiBKOqhR/SEno0H48V4Nd7mrSljMXOIlmC8fwH87paE</latexit><latexit sha1_base64="s7i9YXcRPBEGAwZvszS088b4SDQ=">AAAB/nicdVDJSgNBEO2JWxy3qEcvjUHwFGaymOQW9CKeIhojJEPo6dQkTXoWunsCYZKDH+BVP8GTePVX/AJ/w84iGNEHBY/3qqiq50acSWVZH0ZqZXVtfSO9aW5t7+zuZfYP7mQYCwoNGvJQ3LtEAmcBNBRTHO4jAcR3OTTdwcXUbw5BSBYGt2oUgeOTXsA8RonS0s34atzJZK1cvlQ4q9hYk3KhUi5pUrAKxWIV2zlrhixaoN7JfLa7IY19CBTlRMqWbUXKSYhQjHKYmO1YQkTogPSgpWlAfJBOMjt1gk+00sVeKHQFCs/UnxMJ8aUc+a7u9Inqy9/eVPzLa8XKqzgJC6JYQUDni7yYYxXi6d+4ywRQxUeaECqYvhXTPhGEKp3O0pY+8CGoiWnqZL7fx/+TRj5XzVnXxWztfBFRGh2hY3SKbFRGNXSJ6qiBKOqhR/SEno0H48V4Nd7mrSljMXOIlmC8fwH87paE</latexit>

Uniform LS

d2z(�)
<latexit sha1_base64="fJbu8yQ6Ff+DdIiCnhUhbvzb7Xo="></latexit><latexit sha1_base64="fJbu8yQ6Ff+DdIiCnhUhbvzb7Xo="></latexit><latexit sha1_base64="fJbu8yQ6Ff+DdIiCnhUhbvzb7Xo="></latexit>

d1(�)
<latexit sha1_base64="EHwdqO+lIWzmIwZZ644P/1wU2Xw=">AAACDnicdVBLTgJBFOzBH+IPdemmIzHBDRkYENgZ3bjURMQECOnpeSMde3om3W80hHAID+BWj+DKuPUKnsBr2CAmarSSTipVr/Jel59IYdB135zM3PzC4lJ2Obeyura+kd/cujBxqjm0eCxjfekzA1IoaKFACZeJBhb5Etr+9fHEb9+ANiJW5zhMoBexKyVCwRlaqZ/fDPpdoUIcFrvSpgK2388X3FKl5h00ytSSuteo1yzxXK9abdJyyZ2iQGY47effu0HM0wgUcsmM6ZTdBHsjplFwCeNcNzWQMH7NrqBjqWIRmN5oevqY7lkloGGs7VNIp+r3xIhFxgwj305GDAfmtzcR//I6KYaN3kioJEVQ/HNRmEqKMZ30QAOhgaMcWsK4FvZWygdMM462rR9bBiBvAMe5nG3m6/v0f9KqlJol96xaODyaVZQlO2SXFEmZ1MkhOSGnpEU4uSX35IE8OnfOk/PsvHyOZpxZZpv8gPP6ActbnFY=</latexit><latexit sha1_base64="EHwdqO+lIWzmIwZZ644P/1wU2Xw=">AAACDnicdVBLTgJBFOzBH+IPdemmIzHBDRkYENgZ3bjURMQECOnpeSMde3om3W80hHAID+BWj+DKuPUKnsBr2CAmarSSTipVr/Jel59IYdB135zM3PzC4lJ2Obeyura+kd/cujBxqjm0eCxjfekzA1IoaKFACZeJBhb5Etr+9fHEb9+ANiJW5zhMoBexKyVCwRlaqZ/fDPpdoUIcFrvSpgK2388X3FKl5h00ytSSuteo1yzxXK9abdJyyZ2iQGY47effu0HM0wgUcsmM6ZTdBHsjplFwCeNcNzWQMH7NrqBjqWIRmN5oevqY7lkloGGs7VNIp+r3xIhFxgwj305GDAfmtzcR//I6KYaN3kioJEVQ/HNRmEqKMZ30QAOhgaMcWsK4FvZWygdMM462rR9bBiBvAMe5nG3m6/v0f9KqlJol96xaODyaVZQlO2SXFEmZ1MkhOSGnpEU4uSX35IE8OnfOk/PsvHyOZpxZZpv8gPP6ActbnFY=</latexit><latexit sha1_base64="EHwdqO+lIWzmIwZZ644P/1wU2Xw=">AAACDnicdVBLTgJBFOzBH+IPdemmIzHBDRkYENgZ3bjURMQECOnpeSMde3om3W80hHAID+BWj+DKuPUKnsBr2CAmarSSTipVr/Jel59IYdB135zM3PzC4lJ2Obeyura+kd/cujBxqjm0eCxjfekzA1IoaKFACZeJBhb5Etr+9fHEb9+ANiJW5zhMoBexKyVCwRlaqZ/fDPpdoUIcFrvSpgK2388X3FKl5h00ytSSuteo1yzxXK9abdJyyZ2iQGY47effu0HM0wgUcsmM6ZTdBHsjplFwCeNcNzWQMH7NrqBjqWIRmN5oevqY7lkloGGs7VNIp+r3xIhFxgwj305GDAfmtzcR//I6KYaN3kioJEVQ/HNRmEqKMZ30QAOhgaMcWsK4FvZWygdMM462rR9bBiBvAMe5nG3m6/v0f9KqlJol96xaODyaVZQlO2SXFEmZ1MkhOSGnpEU4uSX35IE8OnfOk/PsvHyOZpxZZpv8gPP6ActbnFY=</latexit>

d2z(�) 
1

�
<latexit sha1_base64="bDCZ70nnLMCoKJbImgsaORHN8VE="></latexit><latexit sha1_base64="bDCZ70nnLMCoKJbImgsaORHN8VE="></latexit><latexit sha1_base64="bDCZ70nnLMCoKJbImgsaORHN8VE="></latexit>

BLESS

Two-Pass sampling [1]: LJ1(U2,�) 7! J2
<latexit sha1_base64="rKfNkKX/KTA3na+0sU/qPlJy3cY="></latexit><latexit sha1_base64="rKfNkKX/KTA3na+0sU/qPlJy3cY="></latexit><latexit sha1_base64="rKfNkKX/KTA3na+0sU/qPlJy3cY="></latexit>

U2 = [n]
<latexit sha1_base64="Z38DSJe6KeL2y13QJuYUft9oL6E=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgKezmYZKDEPTiMYJrlGQJs5PeZMjs7DIzGwghZz/Aq36CJ/Hqf/gF/oaTh2BECxqKqm66u/yYM6Vt+8NKrayurW+kNzNb2zu7e9n9g1sVJZKCSyMeyTufKOBMgKuZ5nAXSyChz6HpDy6nfnMIUrFI3OhRDF5IeoIFjBJtpHu3U8DnuCW8TjZn5wvl4lnVwYZUitVK2ZCiXSyVatjJ2zPk0AKNTvaz3Y1oEoLQlBOlWo4da29MpGaUwyTTThTEhA5ID1qGChKC8sazgyf4xChdHETSlNB4pv6cGJNQqVHom86Q6L767U3Fv7xWooOqN2YiTjQIOl8UJBzrCE+/x10mgWo+MoRQycytmPaJJFSbjJa29IEPQU8yGZPM9/v4f+IW8rW8fV3K1S8WEaXRETpGp8hBFVRHV6iBXERRiB7RE3q2HqwX69V6m7emrMXMIVqC9f4F7IyYBw==</latexit><latexit sha1_base64="Z38DSJe6KeL2y13QJuYUft9oL6E=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgKezmYZKDEPTiMYJrlGQJs5PeZMjs7DIzGwghZz/Aq36CJ/Hqf/gF/oaTh2BECxqKqm66u/yYM6Vt+8NKrayurW+kNzNb2zu7e9n9g1sVJZKCSyMeyTufKOBMgKuZ5nAXSyChz6HpDy6nfnMIUrFI3OhRDF5IeoIFjBJtpHu3U8DnuCW8TjZn5wvl4lnVwYZUitVK2ZCiXSyVatjJ2zPk0AKNTvaz3Y1oEoLQlBOlWo4da29MpGaUwyTTThTEhA5ID1qGChKC8sazgyf4xChdHETSlNB4pv6cGJNQqVHom86Q6L767U3Fv7xWooOqN2YiTjQIOl8UJBzrCE+/x10mgWo+MoRQycytmPaJJFSbjJa29IEPQU8yGZPM9/v4f+IW8rW8fV3K1S8WEaXRETpGp8hBFVRHV6iBXERRiB7RE3q2HqwX69V6m7emrMXMIVqC9f4F7IyYBw==</latexit><latexit sha1_base64="Z38DSJe6KeL2y13QJuYUft9oL6E=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgKezmYZKDEPTiMYJrlGQJs5PeZMjs7DIzGwghZz/Aq36CJ/Hqf/gF/oaTh2BECxqKqm66u/yYM6Vt+8NKrayurW+kNzNb2zu7e9n9g1sVJZKCSyMeyTufKOBMgKuZ5nAXSyChz6HpDy6nfnMIUrFI3OhRDF5IeoIFjBJtpHu3U8DnuCW8TjZn5wvl4lnVwYZUitVK2ZCiXSyVatjJ2zPk0AKNTvaz3Y1oEoLQlBOlWo4da29MpGaUwyTTThTEhA5ID1qGChKC8sazgyf4xChdHETSlNB4pv6cGJNQqVHom86Q6L767U3Fv7xWooOqN2YiTjQIOl8UJBzrCE+/x10mgWo+MoRQycytmPaJJFSbjJa29IEPQU8yGZPM9/v4f+IW8rW8fV3K1S8WEaXRETpGp8hBFVRHV6iBXERRiB7RE3q2HqwX69V6m7emrMXMIVqC9f4F7IyYBw==</latexit>

J1 ⇠ lMB7Q`K
<latexit sha1_base64="hyVPCxIlZn/UFKzt//3Tzw/61cw="></latexit><latexit sha1_base64="hyVPCxIlZn/UFKzt//3Tzw/61cw="></latexit><latexit sha1_base64="hyVPCxIlZn/UFKzt//3Tzw/61cw="></latexit>

Given and

Recursive-RLS [2]: U1 ⇢ U2 ⇢ U3 = [n]
<latexit sha1_base64="3PxtCHvcpnTKcz+pWykdy0upI3I="></latexit><latexit sha1_base64="3PxtCHvcpnTKcz+pWykdy0upI3I="></latexit><latexit sha1_base64="3PxtCHvcpnTKcz+pWykdy0upI3I="></latexit>

U1, U2 ⇠ lMB7Q`K
<latexit sha1_base64="bTMlv9OUbXq9eaWvxsaTxuNG92o="></latexit><latexit sha1_base64="bTMlv9OUbXq9eaWvxsaTxuNG92o="></latexit><latexit sha1_base64="bTMlv9OUbXq9eaWvxsaTxuNG92o="></latexit>

Given with

LJ1(U2,�) 7! J2
<latexit sha1_base64="7fuBX2m1yIBKd7iTVkrgi6VHLOc="></latexit><latexit sha1_base64="7fuBX2m1yIBKd7iTVkrgi6VHLOc="></latexit><latexit sha1_base64="7fuBX2m1yIBKd7iTVkrgi6VHLOc="></latexit>

LJ2(U3,�) 7! J3
<latexit sha1_base64="XaAzMPr3oiFNNgz/NXktPsH42V0="></latexit><latexit sha1_base64="XaAzMPr3oiFNNgz/NXktPsH42V0="></latexit><latexit sha1_base64="XaAzMPr3oiFNNgz/NXktPsH42V0="></latexit>

J1 = U1
<latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit><latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit><latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit>

Initialize

SQUEAK [3]:

LJ1[U2(J1 [ U2,�) 7! J2
<latexit sha1_base64="mkGYy9efG44bQXqGmoha4ChBHGU="></latexit><latexit sha1_base64="mkGYy9efG44bQXqGmoha4ChBHGU="></latexit><latexit sha1_base64="mkGYy9efG44bQXqGmoha4ChBHGU="></latexit>

LJ2[U3(J2 [ U3,�) 7! J3
<latexit sha1_base64="IeBQ0ggV8YJ9aa2kfNYgbZE7tBw="></latexit><latexit sha1_base64="IeBQ0ggV8YJ9aa2kfNYgbZE7tBw="></latexit><latexit sha1_base64="IeBQ0ggV8YJ9aa2kfNYgbZE7tBw="></latexit>

U1, U2, U3 T�`iBiBQM Q7 [n]
<latexit sha1_base64="hFojPhviGXkm8JWi5lDslGQXJ9k="></latexit><latexit sha1_base64="hFojPhviGXkm8JWi5lDslGQXJ9k="></latexit><latexit sha1_base64="hFojPhviGXkm8JWi5lDslGQXJ9k="></latexit>

Given J1 = U1
<latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit><latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit><latexit sha1_base64="QZHiucRYOCejJejpeXdEqNj4bLo=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hd08THIQgl7EUwTXBJJlmZ10kiGzs8vMbCCEHP0Ar/oJnsSrP+IX+BtOHoIRLWgoqrrp7gpizpS27Q9rZXVtfWMztZXe3tnd288cHN6rKJEUXBrxSDYDooAzAa5mmkMzlkDCgEMjGFxN/cYQpGKRuNOjGLyQ9ATrMkq0kRo3vnPh+o6fydq5fKlwXnGwIeVCpVwypGAXisUqdnL2DFm0QN3PfLY7EU1CEJpyolTLsWPtjYnUjHKYpNuJgpjQAelBy1BBQlDeeHbuBJ8apYO7kTQlNJ6pPyfGJFRqFAamMyS6r357U/Evr5XobsUbMxEnGgSdL+omHOsIT3/HHSaBaj4yhFDJzK2Y9okkVJuElrb0gQ9BT9Jpk8z3+/h/4uZz1Zx9W8zWLhcRpdAxOkFnyEFlVEPXqI5cRNEAPaIn9Gw9WC/Wq/U2b12xFjNHaAnW+xe+UZdm</latexit>

Initialize

J
<latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit><latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit><latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit>

Chicken-and-Egg problem: need    to compute Approx-LS, need Approx-LS to compute J
<latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit><latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit><latexit sha1_base64="D9ocf9eApaidrWnqFr4QALiwmA0="></latexit>

LJ(U,�) = {èJ(u1,�), . . . , èJ(uR,�)}
<latexit sha1_base64="H59DWPM7KlSzmP0Upz82ICOnVYE="></latexit><latexit sha1_base64="H59DWPM7KlSzmP0Upz82ICOnVYE="></latexit><latexit sha1_base64="H59DWPM7KlSzmP0Upz82ICOnVYE="></latexit>

LJ(U,�) 7! J 0
<latexit sha1_base64="vW6niI9Ks+JFGrQpePVeqd+aXhM="></latexit><latexit sha1_base64="vW6niI9Ks+JFGrQpePVeqd+aXhM="></latexit><latexit sha1_base64="vW6niI9Ks+JFGrQpePVeqd+aXhM="></latexit>

è
[n](i,�) = `(i,�)

<latexit sha1_base64="R7szwuCWB2CA0OPBoQbOvjSBMew="></latexit><latexit sha1_base64="R7szwuCWB2CA0OPBoQbOvjSBMew="></latexit><latexit sha1_base64="R7szwuCWB2CA0OPBoQbOvjSBMew="></latexit>

LS i 2 [n]
<latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit><latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit><latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit>

with`(i,�) =

✓
bK
⇣
bK + �nI

⌘�1
◆

ii
<latexit sha1_base64="C5uBpbelQE6roXQGUpN23tRGLtg="></latexit><latexit sha1_base64="C5uBpbelQE6roXQGUpN23tRGLtg="></latexit><latexit sha1_base64="C5uBpbelQE6roXQGUpN23tRGLtg="></latexit>

Approx-LS i 2 [n]
<latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit><latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit><latexit sha1_base64="o9bRgpxcL2CR5haCTrhObgXBm3Y=">AAACBHicdVDLSgNBEJyNrxhfUY9eBoPgadm8THILevEYwTWRZAmzk04yZHZ2mZkNhCVnP8CrfoIn8ep/+AX+hpOHYEQLGoqqbrq7/IgzpR3nw0qtrW9sbqW3Mzu7e/sH2cOjOxXGkoJLQx7Klk8UcCbA1UxzaEUSSOBzaPqjq5nfHINULBS3ehKBF5CBYH1GiTbSPcMdJnBbeN1szrEL5eJFNY8NqRSrlbIhRadYKtVw3nbmyKElGt3sZ6cX0jgAoSknSrXzTqS9hEjNKIdpphMriAgdkQG0DRUkAOUl84On+MwoPdwPpSmh8Vz9OZGQQKlJ4JvOgOih+u3NxL+8dqz7VS9hIoo1CLpY1I851iGefY97TALVfGIIoZKZWzEdEkmoNhmtbBkCH4OeZjImme/38f/ELdg127kp5eqXy4jS6ASdonOURxVUR9eogVxEUYAe0RN6th6sF+vVelu0pqzlzDFagfX+Ba+HmIA=</latexit>

withè
J(i,�) =

1

�n

✓
bKii � bK>

Ji

⇣
bKJJ + �nA

⌘�1 bKJi

◆

<latexit sha1_base64="YI8IZz9XnK+Pv0ABCX622Fu0fZ8="></latexit><latexit sha1_base64="YI8IZz9XnK+Pv0ABCX622Fu0fZ8="></latexit><latexit sha1_base64="YI8IZz9XnK+Pv0ABCX622Fu0fZ8="></latexit>

�2 ⇡ �1

2
<latexit sha1_base64="IOb9A6XRz6wMg3pJcTC7gv2xlX8="></latexit><latexit sha1_base64="IOb9A6XRz6wMg3pJcTC7gv2xlX8="></latexit><latexit sha1_base64="IOb9A6XRz6wMg3pJcTC7gv2xlX8="></latexit>

J2 = LJ1(U2,�2)
<latexit sha1_base64="qzLz8jOzwleT1fCZTWK8JkPX/To="></latexit><latexit sha1_base64="qzLz8jOzwleT1fCZTWK8JkPX/To="></latexit><latexit sha1_base64="qzLz8jOzwleT1fCZTWK8JkPX/To="></latexit>

U1 ⇠ Unif

✓
1

�1

◆

<latexit sha1_base64="v7TE4nZynSVwXOOpUGxUF2p/TsY="></latexit><latexit sha1_base64="v7TE4nZynSVwXOOpUGxUF2p/TsY="></latexit><latexit sha1_base64="v7TE4nZynSVwXOOpUGxUF2p/TsY="></latexit>

�1 ⇡ 1
<latexit sha1_base64="GeElfRXPxiq+HosMRjaUZ0nAe4Q=">AAACEHicdVBLSgNBFOzxG+NvNEs3jUFwNczkY5Jd0I3LCI4JJCH09LxJmvR86O4JhpBTeAC3egRX4tYbeAKvYecjGNGChqKqHu91eQlnUtn2h7G2vrG5tZ3Zye7u7R8cmkfHdzJOBQWXxjwWLY9I4CwCVzHFoZUIIKHHoekNr2Z+cwRCsji6VeMEuiHpRyxglCgt9cxch+uwT3oO7pAkEfE9dnpm3rYK5eJF1cGaVIrVSlmTol0slWrYsew58miJRs/87PgxTUOIFOVEyrZjJ6o7IUIxymGa7aQSEkKHpA9tTSMSguxO5sdP8ZlWfBzEQr9I4bn6c2JCQinHoaeTIVED+dubiX957VQF1e6ERUmqIKKLRUHKsYrxrAnsMwFU8bEmhAqmb8V0QAShSve1smUAfARqms3qZr6/j/8nbsGqWfZNKV+/XFaUQSfoFJ0jB1VQHV2jBnIRRWP0iJ7Qs/FgvBivxtsiumYsZ3JoBcb7F7QLnMc=</latexit><latexit sha1_base64="GeElfRXPxiq+HosMRjaUZ0nAe4Q=">AAACEHicdVBLSgNBFOzxG+NvNEs3jUFwNczkY5Jd0I3LCI4JJCH09LxJmvR86O4JhpBTeAC3egRX4tYbeAKvYecjGNGChqKqHu91eQlnUtn2h7G2vrG5tZ3Zye7u7R8cmkfHdzJOBQWXxjwWLY9I4CwCVzHFoZUIIKHHoekNr2Z+cwRCsji6VeMEuiHpRyxglCgt9cxch+uwT3oO7pAkEfE9dnpm3rYK5eJF1cGaVIrVSlmTol0slWrYsew58miJRs/87PgxTUOIFOVEyrZjJ6o7IUIxymGa7aQSEkKHpA9tTSMSguxO5sdP8ZlWfBzEQr9I4bn6c2JCQinHoaeTIVED+dubiX957VQF1e6ERUmqIKKLRUHKsYrxrAnsMwFU8bEmhAqmb8V0QAShSve1smUAfARqms3qZr6/j/8nbsGqWfZNKV+/XFaUQSfoFJ0jB1VQHV2jBnIRRWP0iJ7Qs/FgvBivxtsiumYsZ3JoBcb7F7QLnMc=</latexit><latexit sha1_base64="GeElfRXPxiq+HosMRjaUZ0nAe4Q=">AAACEHicdVBLSgNBFOzxG+NvNEs3jUFwNczkY5Jd0I3LCI4JJCH09LxJmvR86O4JhpBTeAC3egRX4tYbeAKvYecjGNGChqKqHu91eQlnUtn2h7G2vrG5tZ3Zye7u7R8cmkfHdzJOBQWXxjwWLY9I4CwCVzHFoZUIIKHHoekNr2Z+cwRCsji6VeMEuiHpRyxglCgt9cxch+uwT3oO7pAkEfE9dnpm3rYK5eJF1cGaVIrVSlmTol0slWrYsew58miJRs/87PgxTUOIFOVEyrZjJ6o7IUIxymGa7aQSEkKHpA9tTSMSguxO5sdP8ZlWfBzEQr9I4bn6c2JCQinHoaeTIVED+dubiX957VQF1e6ERUmqIKKLRUHKsYrxrAnsMwFU8bEmhAqmb8V0QAShSve1smUAfARqms3qZr6/j/8nbsGqWfZNKV+/XFaUQSfoFJ0jB1VQHV2jBnIRRWP0iJ7Qs/FgvBivxtsiumYsZ3JoBcb7F7QLnMc=</latexit>

J1 = U1
<latexit sha1_base64="3Id3OidVUxPYS3OTfj5aLZmL6Yo=">AAACBHicdVDJSgNBEO2JW4xb1KOXxiB4CjNZTHIQgl7EUwTHRJJh6OlUkiY9C909gTDk7Ad41U/wJF79D7/A37CzCEb0QcHjvSqq6nkRZ1KZ5oeRWlldW99Ib2a2tnd297L7B3cyjAUFm4Y8FC2PSOAsAFsxxaEVCSC+x6HpDS+nfnMEQrIwuFXjCByf9APWY5QoLd1fuxY+x7ZrudmcmS+Ui2dVC2tSKVYrZU2KZrFUqmErb86QQws03OxnpxvS2IdAUU6kbFtmpJyECMUoh0mmE0uICB2SPrQ1DYgP0klmB0/wiVa6uBcKXYHCM/XnREJ8Kce+pzt9ogbytzcV//LasepVnYQFUawgoPNFvZhjFeLp97jLBFDFx5oQKpi+FdMBEYQqndHSlgHwEahJJqOT+X4f/0/sQr6WN29KufrFIqI0OkLH6BRZqILq6Ao1kI0o8tEjekLPxoPxYrwab/PWlLGYOURLMN6/AHFbl7o=</latexit><latexit sha1_base64="3Id3OidVUxPYS3OTfj5aLZmL6Yo=">AAACBHicdVDJSgNBEO2JW4xb1KOXxiB4CjNZTHIQgl7EUwTHRJJh6OlUkiY9C909gTDk7Ad41U/wJF79D7/A37CzCEb0QcHjvSqq6nkRZ1KZ5oeRWlldW99Ib2a2tnd297L7B3cyjAUFm4Y8FC2PSOAsAFsxxaEVCSC+x6HpDS+nfnMEQrIwuFXjCByf9APWY5QoLd1fuxY+x7ZrudmcmS+Ui2dVC2tSKVYrZU2KZrFUqmErb86QQws03OxnpxvS2IdAUU6kbFtmpJyECMUoh0mmE0uICB2SPrQ1DYgP0klmB0/wiVa6uBcKXYHCM/XnREJ8Kce+pzt9ogbytzcV//LasepVnYQFUawgoPNFvZhjFeLp97jLBFDFx5oQKpi+FdMBEYQqndHSlgHwEahJJqOT+X4f/0/sQr6WN29KufrFIqI0OkLH6BRZqILq6Ao1kI0o8tEjekLPxoPxYrwab/PWlLGYOURLMN6/AHFbl7o=</latexit><latexit sha1_base64="3Id3OidVUxPYS3OTfj5aLZmL6Yo=">AAACBHicdVDJSgNBEO2JW4xb1KOXxiB4CjNZTHIQgl7EUwTHRJJh6OlUkiY9C909gTDk7Ad41U/wJF79D7/A37CzCEb0QcHjvSqq6nkRZ1KZ5oeRWlldW99Ib2a2tnd297L7B3cyjAUFm4Y8FC2PSOAsAFsxxaEVCSC+x6HpDS+nfnMEQrIwuFXjCByf9APWY5QoLd1fuxY+x7ZrudmcmS+Ui2dVC2tSKVYrZU2KZrFUqmErb86QQws03OxnpxvS2IdAUU6kbFtmpJyECMUoh0mmE0uICB2SPrQ1DYgP0klmB0/wiVa6uBcKXYHCM/XnREJ8Kce+pzt9ogbytzcV//LasepVnYQFUawgoPNFvZhjFeLp97jLBFDFx5oQKpi+FdMBEYQqndHSlgHwEahJJqOT+X4f/0/sQr6WN29KufrFIqI0OkLH6BRZqILq6Ao1kI0o8tEjekLPxoPxYrwab/PWlLGYOURLMN6/AHFbl7o=</latexit>

U2 ⇠ Unif

✓
1

�2

◆

<latexit sha1_base64="jyRDq/Ui+NqWHJQlJzte4BRCbA0="></latexit><latexit sha1_base64="jyRDq/Ui+NqWHJQlJzte4BRCbA0="></latexit><latexit sha1_base64="jyRDq/Ui+NqWHJQlJzte4BRCbA0="></latexit>

Jk = LJk�1(Uk,�k)
<latexit sha1_base64="onTp4x9uqFIQxX231Sy+MQlKS5Y="></latexit><latexit sha1_base64="onTp4x9uqFIQxX231Sy+MQlKS5Y="></latexit><latexit sha1_base64="onTp4x9uqFIQxX231Sy+MQlKS5Y="></latexit>

�k =
1p
n

<latexit sha1_base64="l0wby2kdtej8cqYQWE4Su5S3U4I="></latexit><latexit sha1_base64="l0wby2kdtej8cqYQWE4Su5S3U4I="></latexit><latexit sha1_base64="l0wby2kdtej8cqYQWE4Su5S3U4I="></latexit>

Uk ⇠ Unif

✓
1

�k

◆

<latexit sha1_base64="v+5XAv/d4SM+kdSW0gEkyF0ob9A="></latexit><latexit sha1_base64="v+5XAv/d4SM+kdSW0gEkyF0ob9A="></latexit><latexit sha1_base64="v+5XAv/d4SM+kdSW0gEkyF0ob9A="></latexit>

..
.

<latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit><latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit><latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit>

Stop

..
.

<latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit><latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit><latexit sha1_base64="fgrpR7pP/WSNtGp1mRc8Qif/sx8=">AAACAHicdVBJSgNBFK2OU4xT1KWbwiC4Ct0ZTLILunEZwTZCEkJ15XdSpHqg6ncghKw8gFs9gitx6008gdewMghG9MGHx3v/8QcvlkKjbX9YqbX1jc2t9HZmZ3dv/yB7eHSno0RxcHkkI3XvMQ1ShOCiQAn3sQIWeBKa3vBq5jdHoLSIwlscx9AJWD8UvuAMjeS2exHqbjZn5wvl4kXVoYZUitVK2ZCiXSyVatTJ23PkyBKNbvbT5HgSQIhcMq1bjh1jZ8IUCi5hmmknGmLGh6wPLUNDFoDuTObLTumZUXrUj5SpEOlc/ZmYsEDrceCZzoDhQP/2ZuJfXitBv9qZiDBOEEK+GOQnkmJEZ5fTnlDAUY4NYVwJsyvlA6YYR/OflSkDkCPAaSZjPvN9Pv2fuIV8LW/flHL1y+WL0uSEnJJz4pAKqZNr0iAu4USQR/JEnq0H68V6td4WrSlrmTkmK7DevwCbkpds</latexit>

Model:

FALKON-BLESS

bf�,J(x) =
|J|X

j=1

K(exj , x)↵j ↵ = (K>
nJKnJ + �KJJ)

�1K>
nJy

<latexit sha1_base64="jlcgkFjgyDeE5pKhsYTeAMhRyWA="></latexit><latexit sha1_base64="jlcgkFjgyDeE5pKhsYTeAMhRyWA="></latexit><latexit sha1_base64="jlcgkFjgyDeE5pKhsYTeAMhRyWA="></latexit>

subset of       chosen according to LS

bf�,J(x) =
X

j2J

K(exj , x)↵j

<latexit sha1_base64="cUuWeyMDX+Ev8503AykyoUvglkY="></latexit><latexit sha1_base64="cUuWeyMDX+Ev8503AykyoUvglkY="></latexit><latexit sha1_base64="cUuWeyMDX+Ev8503AykyoUvglkY="></latexit>

D
<latexit sha1_base64="yKXlzTYISYOBUjQ7kwRfFnZl2O0=">AAAB/HicdVDLTgJBEJz1ifhCPXqZSEw8kV0WBG5EPXiERIQENmR26IUJs7ObmVkSQogf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsyZ0rb9Ya2tb2xubad20rt7+weHmaPjexUlkkKDRjySLZ8o4ExAQzPNoRVLIKHPoekPr2d+cwRSsUjc6XEMXkj6ggWMEm2k+k03k7Vz+aJ7WXawISW3XCoa4tpuoVDBTs6eI4uWqHUzn51eRJMQhKacKNV27Fh7EyI1oxym6U6iICZ0SPrQNlSQEJQ3mR86xedG6eEgkqaExnP158SEhEqNQ990hkQP1G9vJv7ltRMdlL0JE3GiQdDFoiDhWEd49jXuMQlU87EhhEpmbsV0QCSh2mSzsmUAfAR6mk6bZL7fx/+TRj5Xydn1QrZ6tYwohU7RGbpADiqhKrpFNdRAFAF6RE/o2XqwXqxX623RumYtZ07QCqz3LxzblXI=</latexit><latexit sha1_base64="yKXlzTYISYOBUjQ7kwRfFnZl2O0=">AAAB/HicdVDLTgJBEJz1ifhCPXqZSEw8kV0WBG5EPXiERIQENmR26IUJs7ObmVkSQogf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsyZ0rb9Ya2tb2xubad20rt7+weHmaPjexUlkkKDRjySLZ8o4ExAQzPNoRVLIKHPoekPr2d+cwRSsUjc6XEMXkj6ggWMEm2k+k03k7Vz+aJ7WXawISW3XCoa4tpuoVDBTs6eI4uWqHUzn51eRJMQhKacKNV27Fh7EyI1oxym6U6iICZ0SPrQNlSQEJQ3mR86xedG6eEgkqaExnP158SEhEqNQ990hkQP1G9vJv7ltRMdlL0JE3GiQdDFoiDhWEd49jXuMQlU87EhhEpmbsV0QCSh2mSzsmUAfAR6mk6bZL7fx/+TRj5Xydn1QrZ6tYwohU7RGbpADiqhKrpFNdRAFAF6RE/o2XqwXqxX623RumYtZ07QCqz3LxzblXI=</latexit><latexit sha1_base64="yKXlzTYISYOBUjQ7kwRfFnZl2O0=">AAAB/HicdVDLTgJBEJz1ifhCPXqZSEw8kV0WBG5EPXiERIQENmR26IUJs7ObmVkSQogf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsyZ0rb9Ya2tb2xubad20rt7+weHmaPjexUlkkKDRjySLZ8o4ExAQzPNoRVLIKHPoekPr2d+cwRSsUjc6XEMXkj6ggWMEm2k+k03k7Vz+aJ7WXawISW3XCoa4tpuoVDBTs6eI4uWqHUzn51eRJMQhKacKNV27Fh7EyI1oxym6U6iICZ0SPrQNlSQEJQ3mR86xedG6eEgkqaExnP158SEhEqNQ990hkQP1G9vJv7ltRMdlL0JE3GiQdDFoiDhWEd49jXuMQlU87EhhEpmbsV0QCSh2mSzsmUAfAR6mk6bZL7fx/+TRj5Xydn1QrZ6tYwohU7RGbpADiqhKrpFNdRAFAF6RE/o2XqwXqxX623RumYtZ07QCqz3LxzblXI=</latexit>

Learning: Conjugate gradient
+

+computed with BLESS

BB> =
⇣ n

M
KJJA

�1KJJ + �KJJ

⌘�1

<latexit sha1_base64="QHogoWNtX0YpONfMpCUzzmguiT4="></latexit><latexit sha1_base64="YEh9WCTJi8cQ3NR2WPUHNHh7OlM="></latexit><latexit sha1_base64="YEh9WCTJi8cQ3NR2WPUHNHh7OlM="></latexit>

Algorithm Runtime |J |
Uniform sampling � 1/�
Exact RLS sampl. n3 de↵(�)
Two-Pass sampling n/�2 de↵(�)
Recursive-RLS nde↵(�)2 de↵(�)
SQUEAK nde↵(�)2 de↵(�)
BLESS 1/� de↵(�)2 de↵(�)

<latexit sha1_base64="2wJdmVeg29LsVAVuUQMfZXo4lco="></latexit><latexit sha1_base64="2wJdmVeg29LsVAVuUQMfZXo4lco="></latexit><latexit sha1_base64="2wJdmVeg29LsVAVuUQMfZXo4lco="></latexit>

  Overall runtime: 4de↵(�)
2/�

<latexit sha1_base64="WA+2EfzgngPHD0xOMX6l/RxuP18="></latexit><latexit sha1_base64="WA+2EfzgngPHD0xOMX6l/RxuP18="></latexit><latexit sha1_base64="WA+2EfzgngPHD0xOMX6l/RxuP18="></latexit>

 Improves over existing algorithms:

• compute whole regularization path             for free(�h)
H

h=1
<latexit sha1_base64="EYhwpIcMvuFFR03JnEC72QxOfEI="></latexit><latexit sha1_base64="EYhwpIcMvuFFR03JnEC72QxOfEI="></latexit><latexit sha1_base64="EYhwpIcMvuFFR03JnEC72QxOfEI="></latexit>

accurate at scaleJh
<latexit sha1_base64="GfhlHYkS5IHTQ4kP+hZ/InFf274=">AAAB/nicdVDLSgNBEJyNr7i+oh69DAbBU9hkE5Pcgl7EU0RXA8kSZied7JDZBzOzgbDk4Ad41U/wJF79Fb/A33DyEIxoQUNR1U13lxdzJpVlfRiZldW19Y3sprm1vbO7l9s/uJNRIig4NOKRaHlEAmchOIopDq1YAAk8Dvfe8GLq349ASBaFt2ocgxuQQcj6jBKlpZurrt/N5a1CqWKf1YpYk6pdq1Y0sS27XK7jYsGaIY8WaHZzn51eRJMAQkU5kbJdtGLlpkQoRjlMzE4iISZ0SAbQ1jQkAUg3nZ06wSda6eF+JHSFCs/UnxMpCaQcB57uDIjy5W9vKv7ltRPVr7kpC+NEQUjni/oJxyrC079xjwmgio81IVQwfSumPhGEKp3O0hYf+AjUxDR1Mt/v4/+JUyrUC9Z1Od84X0SURUfoGJ2iIqqiBrpETeQgigboET2hZ+PBeDFejbd5a8ZYzByiJRjvX66HllM=</latexit><latexit sha1_base64="GfhlHYkS5IHTQ4kP+hZ/InFf274=">AAAB/nicdVDLSgNBEJyNr7i+oh69DAbBU9hkE5Pcgl7EU0RXA8kSZied7JDZBzOzgbDk4Ad41U/wJF79Fb/A33DyEIxoQUNR1U13lxdzJpVlfRiZldW19Y3sprm1vbO7l9s/uJNRIig4NOKRaHlEAmchOIopDq1YAAk8Dvfe8GLq349ASBaFt2ocgxuQQcj6jBKlpZurrt/N5a1CqWKf1YpYk6pdq1Y0sS27XK7jYsGaIY8WaHZzn51eRJMAQkU5kbJdtGLlpkQoRjlMzE4iISZ0SAbQ1jQkAUg3nZ06wSda6eF+JHSFCs/UnxMpCaQcB57uDIjy5W9vKv7ltRPVr7kpC+NEQUjni/oJxyrC079xjwmgio81IVQwfSumPhGEKp3O0hYf+AjUxDR1Mt/v4/+JUyrUC9Z1Od84X0SURUfoGJ2iIqqiBrpETeQgigboET2hZ+PBeDFejbd5a8ZYzByiJRjvX66HllM=</latexit><latexit sha1_base64="GfhlHYkS5IHTQ4kP+hZ/InFf274=">AAAB/nicdVDLSgNBEJyNr7i+oh69DAbBU9hkE5Pcgl7EU0RXA8kSZied7JDZBzOzgbDk4Ad41U/wJF79Fb/A33DyEIxoQUNR1U13lxdzJpVlfRiZldW19Y3sprm1vbO7l9s/uJNRIig4NOKRaHlEAmchOIopDq1YAAk8Dvfe8GLq349ASBaFt2ocgxuQQcj6jBKlpZurrt/N5a1CqWKf1YpYk6pdq1Y0sS27XK7jYsGaIY8WaHZzn51eRJMAQkU5kbJdtGLlpkQoRjlMzE4iISZ0SAbQ1jQkAUg3nZ06wSda6eF+JHSFCs/UnxMpCaQcB57uDIjy5W9vKv7ltRPVr7kpC+NEQUjni/oJxyrC079xjwmgio81IVQwfSumPhGEKp3O0hYf+AjUxDR1Mt/v4/+JUyrUC9Z1Od84X0SURUfoGJ2iIqqiBrpETeQgigboET2hZ+PBeDFejbd5a8ZYzByiJRjvX66HllM=</latexit>

�h
<latexit sha1_base64="TIm1CT5oKQWOQj4YDHx8SMOAsak=">AAACBHicdVDLTsJAFJ3iC+sLdelmIjFxRQoFgR3RjUtMrGCAkOn0FiZMH5mZkpCGtR/gVj/BlXHrf/gF/obDw0SMnuQmJ+ecm/twY86ksqwPI7O2vrG5ld02d3b39g9yh0d3MkoEBYdGPBJtl0jgLARHMcWhHQsggcuh5Y6uZn5rDEKyKLxVkxh6ARmEzGeUKC3dd7mOeqQ/7OfyVqFUsS9qRaxJ1a5VK5rYll0u13GxYM2RR0s0+7nPrhfRJIBQUU6k7BStWPVSIhSjHKZmN5EQEzoiA+hoGpIAZC+dLzzFZ1rxsB8JXaHCc/VnR0oCKSeBq5MBUUP525uJf3mdRPm1XsrCOFEQ0sUgP+FYRXh2PfaYAKr4RBNCBdO7YjokglClf7QyZQh8DGpqmvoz3+fj/4lTKtQL1k0537hcviiLTtApOkdFVEUNdI2ayEEUBegRPaFn48F4MV6Nt0U0Yyx7jtEKjPcvgT2ZAg==</latexit><latexit sha1_base64="TIm1CT5oKQWOQj4YDHx8SMOAsak=">AAACBHicdVDLTsJAFJ3iC+sLdelmIjFxRQoFgR3RjUtMrGCAkOn0FiZMH5mZkpCGtR/gVj/BlXHrf/gF/obDw0SMnuQmJ+ecm/twY86ksqwPI7O2vrG5ld02d3b39g9yh0d3MkoEBYdGPBJtl0jgLARHMcWhHQsggcuh5Y6uZn5rDEKyKLxVkxh6ARmEzGeUKC3dd7mOeqQ/7OfyVqFUsS9qRaxJ1a5VK5rYll0u13GxYM2RR0s0+7nPrhfRJIBQUU6k7BStWPVSIhSjHKZmN5EQEzoiA+hoGpIAZC+dLzzFZ1rxsB8JXaHCc/VnR0oCKSeBq5MBUUP525uJf3mdRPm1XsrCOFEQ0sUgP+FYRXh2PfaYAKr4RBNCBdO7YjokglClf7QyZQh8DGpqmvoz3+fj/4lTKtQL1k0537hcviiLTtApOkdFVEUNdI2ayEEUBegRPaFn48F4MV6Nt0U0Yyx7jtEKjPcvgT2ZAg==</latexit><latexit sha1_base64="TIm1CT5oKQWOQj4YDHx8SMOAsak=">AAACBHicdVDLTsJAFJ3iC+sLdelmIjFxRQoFgR3RjUtMrGCAkOn0FiZMH5mZkpCGtR/gVj/BlXHrf/gF/obDw0SMnuQmJ+ecm/twY86ksqwPI7O2vrG5ld02d3b39g9yh0d3MkoEBYdGPBJtl0jgLARHMcWhHQsggcuh5Y6uZn5rDEKyKLxVkxh6ARmEzGeUKC3dd7mOeqQ/7OfyVqFUsS9qRaxJ1a5VK5rYll0u13GxYM2RR0s0+7nPrhfRJIBQUU6k7BStWPVSIhSjHKZmN5EQEzoiA+hoGpIAZC+dLzzFZ1rxsB8JXaHCc/VnR0oCKSeBq5MBUUP525uJf3mdRPm1XsrCOFEQ0sUgP+FYRXh2PfaYAKr4RBNCBdO7YjokglClf7QyZQh8DGpqmvoz3+fj/4lTKtQL1k0537hcviiLTtApOkdFVEUNdI2ayEEUBegRPaFn48F4MV6Nt0U0Yyx7jtEKjPcvgT2ZAg==</latexit>

• early stop at desired regularization� = �H
<latexit sha1_base64="v15y1sz5K8nFdtFUvFBJ0n9hAkA=">AAACEHicdVDdSgJBGJ21P7O/LS+7GZKgK1n/Ui8CqRsvDdoUVGR2/NTB2R9mZoVl8Sl6gG7rEbqKbnuDnqDXaNQNMurAwOGc8/F9c5yAM6ks68NIbWxube+kdzN7+weHR+bxyb30Q0HBpj73RcchEjjzwFZMcegEAojrcGg705uF356BkMz37lQUQN8lY4+NGCVKSwMz2+M6PCT4Cids0ByYOStfrJQuawWsSbVUq1Y0KVmlcrmOC3lriRxK0BqYn72hT0MXPEU5kbJbsALVj4lQjHKYZ3qhhIDQKRlDV1OPuCD78fL4OT7XyhCPfKGfp/BS/TkRE1fKyHV00iVqIn97C/EvrxuqUa0fMy8IFXh0tWgUcqx8vGgCD5kAqnikCaGC6VsxnRBBqNJ9rW2ZAJ+Bmmcyupnv7+P/iV3M1/PWbTnXuE4qSqNTdIYuUAFVUQM1UQvZiKIIPaIn9Gw8GC/Gq/G2iqaMZCaL1mC8fwGOUpyx</latexit><latexit sha1_base64="v15y1sz5K8nFdtFUvFBJ0n9hAkA=">AAACEHicdVDdSgJBGJ21P7O/LS+7GZKgK1n/Ui8CqRsvDdoUVGR2/NTB2R9mZoVl8Sl6gG7rEbqKbnuDnqDXaNQNMurAwOGc8/F9c5yAM6ks68NIbWxube+kdzN7+weHR+bxyb30Q0HBpj73RcchEjjzwFZMcegEAojrcGg705uF356BkMz37lQUQN8lY4+NGCVKSwMz2+M6PCT4Cids0ByYOStfrJQuawWsSbVUq1Y0KVmlcrmOC3lriRxK0BqYn72hT0MXPEU5kbJbsALVj4lQjHKYZ3qhhIDQKRlDV1OPuCD78fL4OT7XyhCPfKGfp/BS/TkRE1fKyHV00iVqIn97C/EvrxuqUa0fMy8IFXh0tWgUcqx8vGgCD5kAqnikCaGC6VsxnRBBqNJ9rW2ZAJ+Bmmcyupnv7+P/iV3M1/PWbTnXuE4qSqNTdIYuUAFVUQM1UQvZiKIIPaIn9Gw8GC/Gq/G2iqaMZCaL1mC8fwGOUpyx</latexit><latexit sha1_base64="v15y1sz5K8nFdtFUvFBJ0n9hAkA=">AAACEHicdVDdSgJBGJ21P7O/LS+7GZKgK1n/Ui8CqRsvDdoUVGR2/NTB2R9mZoVl8Sl6gG7rEbqKbnuDnqDXaNQNMurAwOGc8/F9c5yAM6ks68NIbWxube+kdzN7+weHR+bxyb30Q0HBpj73RcchEjjzwFZMcegEAojrcGg705uF356BkMz37lQUQN8lY4+NGCVKSwMz2+M6PCT4Cids0ByYOStfrJQuawWsSbVUq1Y0KVmlcrmOC3lriRxK0BqYn72hT0MXPEU5kbJbsALVj4lQjHKYZ3qhhIDQKRlDV1OPuCD78fL4OT7XyhCPfKGfp/BS/TkRE1fKyHV00iVqIn97C/EvrxuqUa0fMy8IFXh0tWgUcqx8vGgCD5kAqnikCaGC6VsxnRBBqNJ9rW2ZAJ+Bmmcyupnv7+P/iV3M1/PWbTnXuE4qSqNTdIYuUAFVUQM1UQvZiKIIPaIn9Gw8GC/Gq/G2iqaMZCaL1mC8fwGOUpyx</latexit>

never compute all                (breaks linear bottleneck)n
<latexit sha1_base64="Ju+1xWWpNnxRB4pZVKWieURJ9Ig=">AAAB/HicdVDLTgJBEJzFF+IL9ehlIjHxtFlYELgRvXiERIQENmR2aGDC7OxmZpaEbIgf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsSZ0o7zYaU2Nre2d9K7mb39g8Oj7PHJvQpjSaFJQx7Ktk8UcCagqZnm0I4kkMDn0PLHN3O/NQGpWCju9DQCLyBDwQaMEm2khuhlc45dKLlXlTw2pOxWyiVDXMctFqs4bzsL5NAK9V72s9sPaRyA0JQTpTp5J9JeQqRmlMMs040VRISOyRA6hgoSgPKSxaEzfGGUPh6E0pTQeKH+nEhIoNQ08E1nQPRI/fbm4l9eJ9aDipcwEcUaBF0uGsQc6xDPv8Z9JoFqPjWEUMnMrZiOiCRUm2zWtoyAT0DPMhmTzPf7+H/SLNhV22kUc7XrVURpdIbO0SXKozKqoVtUR01EEaBH9ISerQfrxXq13patKWs1c4rWYL1/AV/LlZw=</latexit><latexit sha1_base64="Ju+1xWWpNnxRB4pZVKWieURJ9Ig=">AAAB/HicdVDLTgJBEJzFF+IL9ehlIjHxtFlYELgRvXiERIQENmR2aGDC7OxmZpaEbIgf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsSZ0o7zYaU2Nre2d9K7mb39g8Oj7PHJvQpjSaFJQx7Ktk8UcCagqZnm0I4kkMDn0PLHN3O/NQGpWCju9DQCLyBDwQaMEm2khuhlc45dKLlXlTw2pOxWyiVDXMctFqs4bzsL5NAK9V72s9sPaRyA0JQTpTp5J9JeQqRmlMMs040VRISOyRA6hgoSgPKSxaEzfGGUPh6E0pTQeKH+nEhIoNQ08E1nQPRI/fbm4l9eJ9aDipcwEcUaBF0uGsQc6xDPv8Z9JoFqPjWEUMnMrZiOiCRUm2zWtoyAT0DPMhmTzPf7+H/SLNhV22kUc7XrVURpdIbO0SXKozKqoVtUR01EEaBH9ISerQfrxXq13patKWs1c4rWYL1/AV/LlZw=</latexit><latexit sha1_base64="Ju+1xWWpNnxRB4pZVKWieURJ9Ig=">AAAB/HicdVDLTgJBEJzFF+IL9ehlIjHxtFlYELgRvXiERIQENmR2aGDC7OxmZpaEbIgf4FU/wZPx6r/4Bf6Gw8NEjFbSSaWqO91dfsSZ0o7zYaU2Nre2d9K7mb39g8Oj7PHJvQpjSaFJQx7Ktk8UcCagqZnm0I4kkMDn0PLHN3O/NQGpWCju9DQCLyBDwQaMEm2khuhlc45dKLlXlTw2pOxWyiVDXMctFqs4bzsL5NAK9V72s9sPaRyA0JQTpTp5J9JeQqRmlMMs040VRISOyRA6hgoSgPKSxaEzfGGUPh6E0pTQeKH+nEhIoNQ08E1nQPRI/fbm4l9eJ9aDipcwEcUaBF0uGsQc6xDPv8Z9JoFqPjWEUMnMrZiOiCRUm2zWtoyAT0DPMhmTzPf7+H/SLNhV22kUc7XrVURpdIbO0SXKozKqoVtUR01EEaBH9ISerQfrxXq13patKWs1c4rWYL1/AV/LlZw=</latexit> `(i,�)

<latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit><latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit><latexit sha1_base64="liBOM8g2mhNKvYi+b+76zYOFyf4=">AAACDHicdVDdSgJBGJ3t17YfrS67GZLAIJbV1dQ7qZsuDTIFXWR29lMHZ3+YmRVEfIYeoNt6hK6i296hJ+g1Gn+CjDowcDjnO3zfHC/mTCrb/jDW1jc2t7ZTO+bu3v5BOnN4dC+jRFBo0IhHouURCZyF0FBMcWjFAkjgcWh6w+uZ3xyBkCwK79Q4Bjcg/ZD1GCVKS91MugOc59hFh+uMT867maxtFUrOZSWPNSk7lXJJE8d2isUqzlv2HFm0RL2b+ez4EU0CCBXlRMp23o6VOyFCMcphanYSCTGhQ9KHtqYhCUC6k/nhU3ymFR/3IqFfqPBc/ZmYkEDKceDpyYCogfztzcS/vHaiehV3wsI4URDSxaJewrGK8KwF7DMBVPGxJoQKpm/FdEAEoUp3tbJlAHwEamqaupnv7+P/SaNgVS37tpitXS0rSqETdIpyKI/KqIZuUB01EEUJekRP6Nl4MF6MV+NtMbpmLDPHaAXG+xeuipsn</latexit>

Computational complexity:

h
<latexit sha1_base64="5RvZHX3jR4mMC4FO+M51LZ9SvAs=">AAAB/HicdVDLTgJBEJzFF64v1KOXicTEE9llQeBG9OIREldIgJDZoZedMPvIzCwJIcQP8Kqf4Ml49V/8An/D4WEiRivppFLVne4uL+FMKsv6MDIbm1vbO9ldc2//4PAod3xyL+NUUHBpzGPR9ogEziJwFVMc2okAEnocWt7oZu63xiAki6M7NUmgF5JhxHxGidJSM+jn8lahWHauqjbWpOJUK2VNHMsplWrYLlgL5NEKjX7uszuIaRpCpCgnUnZsK1G9KRGKUQ4zs5tKSAgdkSF0NI1ICLI3XRw6wxdaGWA/FroihRfqz4kpCaWchJ7uDIkK5G9vLv7ldVLlV3tTFiWpgoguF/kpxyrG86/xgAmgik80IVQwfSumARGEKp3N2pYA+BjUzDR1Mt/v4/+JWyzUClazlK9fryLKojN0ji6RjSqojm5RA7mIIkCP6Ak9Gw/Gi/FqvC1bM8Zq5hStwXj/AlY7lZY=</latexit><latexit sha1_base64="5RvZHX3jR4mMC4FO+M51LZ9SvAs=">AAAB/HicdVDLTgJBEJzFF64v1KOXicTEE9llQeBG9OIREldIgJDZoZedMPvIzCwJIcQP8Kqf4Ml49V/8An/D4WEiRivppFLVne4uL+FMKsv6MDIbm1vbO9ldc2//4PAod3xyL+NUUHBpzGPR9ogEziJwFVMc2okAEnocWt7oZu63xiAki6M7NUmgF5JhxHxGidJSM+jn8lahWHauqjbWpOJUK2VNHMsplWrYLlgL5NEKjX7uszuIaRpCpCgnUnZsK1G9KRGKUQ4zs5tKSAgdkSF0NI1ICLI3XRw6wxdaGWA/FroihRfqz4kpCaWchJ7uDIkK5G9vLv7ldVLlV3tTFiWpgoguF/kpxyrG86/xgAmgik80IVQwfSumARGEKp3N2pYA+BjUzDR1Mt/v4/+JWyzUClazlK9fryLKojN0ji6RjSqojm5RA7mIIkCP6Ak9Gw/Gi/FqvC1bM8Zq5hStwXj/AlY7lZY=</latexit><latexit sha1_base64="5RvZHX3jR4mMC4FO+M51LZ9SvAs=">AAAB/HicdVDLTgJBEJzFF64v1KOXicTEE9llQeBG9OIREldIgJDZoZedMPvIzCwJIcQP8Kqf4Ml49V/8An/D4WEiRivppFLVne4uL+FMKsv6MDIbm1vbO9ldc2//4PAod3xyL+NUUHBpzGPR9ogEziJwFVMc2okAEnocWt7oZu63xiAki6M7NUmgF5JhxHxGidJSM+jn8lahWHauqjbWpOJUK2VNHMsplWrYLlgL5NEKjX7uszuIaRpCpCgnUnZsK1G9KRGKUQ4zs5tKSAgdkSF0NI1ICLI3XRw6wxdaGWA/FroihRfqz4kpCaWchJ7uDIkK5G9vLv7ldVLlV3tTFiWpgoguF/kpxyrG86/xgAmgik80IVQwfSumARGEKp3N2pYA+BjUzDR1Mt/v4/+JWyzUClazlK9fryLKojN0ji6RjSqojm5RA7mIIkCP6Ak9Gw/Gi/FqvC1bM8Zq5hStwXj/AlY7lZY=</latexit>

  Cost of step     of BLESS: |Jh|3 + |Uh||Jh|2  de↵(�h)
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<latexit sha1_base64="SUSkIyMzAZxO77EWunlKPRmgJtc="></latexit><latexit sha1_base64="SUSkIyMzAZxO77EWunlKPRmgJtc="></latexit><latexit sha1_base64="SUSkIyMzAZxO77EWunlKPRmgJtc="></latexit>

  Note:  Set H = log2
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<latexit sha1_base64="UweSluaGqIsBPDzUzV0xoa6Odtc="></latexit><latexit sha1_base64="UweSluaGqIsBPDzUzV0xoa6Odtc="></latexit><latexit sha1_base64="UweSluaGqIsBPDzUzV0xoa6Odtc="></latexit>
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<latexit sha1_base64="1EVufvvGnTxv6uC5/QbaIFw7x3w="></latexit><latexit sha1_base64="1EVufvvGnTxv6uC5/QbaIFw7x3w="></latexit><latexit sha1_base64="1EVufvvGnTxv6uC5/QbaIFw7x3w="></latexit>
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<latexit sha1_base64="TjI0jZKdrwOjCkuis2IbT3wjSQM="></latexit><latexit sha1_base64="TjI0jZKdrwOjCkuis2IbT3wjSQM="></latexit><latexit sha1_base64="TjI0jZKdrwOjCkuis2IbT3wjSQM="></latexit>

when                    are computed using BLESS, with probability at least          :1� �
<latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit><latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit><latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit>

1

1 + t
`(i,�h)  è

Jh(i,�h)  (1 + t)`(i,�h), 8i 2 [n], h 2 [H]
<latexit sha1_base64="Te1cQjsCMYhtJBJ4GY/drd9ESmQ="></latexit><latexit sha1_base64="Te1cQjsCMYhtJBJ4GY/drd9ESmQ="></latexit><latexit sha1_base64="Te1cQjsCMYhtJBJ4GY/drd9ESmQ="></latexit>

(a).

Theorem: Let          ,          and               . Given          and           ,                                     ,n 2 N
<latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit><latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit><latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit>

� > 0
<latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit><latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit><latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit>

� 2 (0, 1]
<latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit><latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit><latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit>

t > 0
<latexit sha1_base64="bbem/izQ3FsWBgoLaDOyyuoTf7c=">AAACAHicdVDJSgNBEO2JW4xb1KOXxiB4CpPNJBcJevEYwTGBJISeTiVp0rPQXRMIQ05+gFf9BE/i1T/xC/wNO4tgRB8UPN6roqqeG0qh0bY/rMTa+sbmVnI7tbO7t3+QPjy610GkODg8kIFqukyDFD44KFBCM1TAPFdCwx1dz/zGGJQWgX+HkxA6Hhv4oi84QyM5SC+p3U1n7Gy+VLio5Kgh5UKlXDKkYBeKxSrNZe05MmSJejf92e4FPPLARy6Z1q2cHWInZgoFlzBNtSMNIeMjNoCWoT7zQHfi+bFTemaUHu0HypSPdK7+nIiZp/XEc02nx3Cof3sz8S+vFWG/0omFH0YIPl8s6keSYkBnn9OeUMBRTgxhXAlzK+VDphhHk8/KliHIMeA0lTLJfL9P/ydOPlvN2rfFTO1qGVGSnJBTck5ypExq5IbUiUM4EeSRPJFn68F6sV6tt0VrwlrOHJMVWO9fFYGWeA==</latexit><latexit sha1_base64="bbem/izQ3FsWBgoLaDOyyuoTf7c=">AAACAHicdVDJSgNBEO2JW4xb1KOXxiB4CpPNJBcJevEYwTGBJISeTiVp0rPQXRMIQ05+gFf9BE/i1T/xC/wNO4tgRB8UPN6roqqeG0qh0bY/rMTa+sbmVnI7tbO7t3+QPjy610GkODg8kIFqukyDFD44KFBCM1TAPFdCwx1dz/zGGJQWgX+HkxA6Hhv4oi84QyM5SC+p3U1n7Gy+VLio5Kgh5UKlXDKkYBeKxSrNZe05MmSJejf92e4FPPLARy6Z1q2cHWInZgoFlzBNtSMNIeMjNoCWoT7zQHfi+bFTemaUHu0HypSPdK7+nIiZp/XEc02nx3Cof3sz8S+vFWG/0omFH0YIPl8s6keSYkBnn9OeUMBRTgxhXAlzK+VDphhHk8/KliHIMeA0lTLJfL9P/ydOPlvN2rfFTO1qGVGSnJBTck5ypExq5IbUiUM4EeSRPJFn68F6sV6tt0VrwlrOHJMVWO9fFYGWeA==</latexit><latexit sha1_base64="bbem/izQ3FsWBgoLaDOyyuoTf7c=">AAACAHicdVDJSgNBEO2JW4xb1KOXxiB4CpPNJBcJevEYwTGBJISeTiVp0rPQXRMIQ05+gFf9BE/i1T/xC/wNO4tgRB8UPN6roqqeG0qh0bY/rMTa+sbmVnI7tbO7t3+QPjy610GkODg8kIFqukyDFD44KFBCM1TAPFdCwx1dz/zGGJQWgX+HkxA6Hhv4oi84QyM5SC+p3U1n7Gy+VLio5Kgh5UKlXDKkYBeKxSrNZe05MmSJejf92e4FPPLARy6Z1q2cHWInZgoFlzBNtSMNIeMjNoCWoT7zQHfi+bFTemaUHu0HypSPdK7+nIiZp/XEc02nx3Cof3sz8S+vFWG/0omFH0YIPl8s6keSYkBnn9OeUMBRTgxhXAlzK+VDphhHk8/KliHIMeA0lTLJfL9P/ydOPlvN2rfFTO1qGVGSnJBTck5ypExq5IbUiUM4EeSRPJFn68F6sV6tt0VrwlrOHJMVWO9fFYGWeA==</latexit>

H 2 N
<latexit sha1_base64="hNm9/agxJ4m3cn+cqSArpKu0BPs=">AAACDXicdVDLSgMxFM34rONr1KWbYBFclenLtruim66kgrWFtpRMetuGZjJDkimUYf7BD3Crn+BK3PoNfoG/YfoQrOiBwOGce7knxws5U9p1P6y19Y3Nre3Ujr27t39w6Bwd36sgkhQaNOCBbHlEAWcCGpppDq1QAvE9Dk1vfD3zmxOQigXiTk9D6PpkKNiAUaKN1HOcGu4wgTs+0SPPi2+SnpN2M7li/rKcxYaU8uVS0ZC8my8UKjibcedIoyXqPeez0w9o5IPQlBOl2lk31N2YSM0oh8TuRApCQsdkCG1DBfFBdeN58gSfG6WPB4E0T2g8V39uxMRXaup7ZnKWUP32ZuJfXjvSg3I3ZiKMNAi6ODSIONYBntWA+0wC1XxqCKGSmayYjogkVJuyVq6MgE9AJ7Ztmvn+Pv6fNHKZSsa9LaSrV8uKUugUnaELlEUlVEU1VEcNRNEEPaIn9Gw9WC/Wq/W2GF2zljsnaAXW+xe5yZvA</latexit><latexit sha1_base64="hNm9/agxJ4m3cn+cqSArpKu0BPs=">AAACDXicdVDLSgMxFM34rONr1KWbYBFclenLtruim66kgrWFtpRMetuGZjJDkimUYf7BD3Crn+BK3PoNfoG/YfoQrOiBwOGce7knxws5U9p1P6y19Y3Nre3Ujr27t39w6Bwd36sgkhQaNOCBbHlEAWcCGpppDq1QAvE9Dk1vfD3zmxOQigXiTk9D6PpkKNiAUaKN1HOcGu4wgTs+0SPPi2+SnpN2M7li/rKcxYaU8uVS0ZC8my8UKjibcedIoyXqPeez0w9o5IPQlBOl2lk31N2YSM0oh8TuRApCQsdkCG1DBfFBdeN58gSfG6WPB4E0T2g8V39uxMRXaup7ZnKWUP32ZuJfXjvSg3I3ZiKMNAi6ODSIONYBntWA+0wC1XxqCKGSmayYjogkVJuyVq6MgE9AJ7Ztmvn+Pv6fNHKZSsa9LaSrV8uKUugUnaELlEUlVEU1VEcNRNEEPaIn9Gw9WC/Wq/W2GF2zljsnaAXW+xe5yZvA</latexit><latexit sha1_base64="hNm9/agxJ4m3cn+cqSArpKu0BPs=">AAACDXicdVDLSgMxFM34rONr1KWbYBFclenLtruim66kgrWFtpRMetuGZjJDkimUYf7BD3Crn+BK3PoNfoG/YfoQrOiBwOGce7knxws5U9p1P6y19Y3Nre3Ujr27t39w6Bwd36sgkhQaNOCBbHlEAWcCGpppDq1QAvE9Dk1vfD3zmxOQigXiTk9D6PpkKNiAUaKN1HOcGu4wgTs+0SPPi2+SnpN2M7li/rKcxYaU8uVS0ZC8my8UKjibcedIoyXqPeez0w9o5IPQlBOl2lk31N2YSM0oh8TuRApCQsdkCG1DBfFBdeN58gSfG6WPB4E0T2g8V39uxMRXaup7ZnKWUP32ZuJfXjvSg3I3ZiKMNAi6ODSIONYBntWA+0wC1XxqCKGSmayYjogkVJuyVq6MgE9AJ7Ztmvn+Pv6fNHKZSsa9LaSrV8uKUugUnaELlEUlVEU1VEcNRNEEPaIn9Gw9WC/Wq/W2GF2zljsnaAXW+xe5yZvA</latexit>

(�h)
H

h=1 ⇠ (1/2h�1)H
h=1

<latexit sha1_base64="9YR9sp/o7/Amg1WuQZF5Faibj3Y="></latexit><latexit sha1_base64="9YR9sp/o7/Amg1WuQZF5Faibj3Y="></latexit><latexit sha1_base64="9YR9sp/o7/Amg1WuQZF5Faibj3Y="></latexit>

(b). |Jh|  O(de↵(�h) log(Hn/�)/t2)), 8h 2 [H]
<latexit sha1_base64="IyIisV+BoK+DRvStqzhdwgouN1U="></latexit><latexit sha1_base64="IyIisV+BoK+DRvStqzhdwgouN1U="></latexit><latexit sha1_base64="IyIisV+BoK+DRvStqzhdwgouN1U="></latexit>

(Jh, Ah)
H

h=1
<latexit sha1_base64="Ki1Ib8pXwUhJvaMjGei1cFYnjMA="></latexit><latexit sha1_base64="Ki1Ib8pXwUhJvaMjGei1cFYnjMA="></latexit><latexit sha1_base64="Ki1Ib8pXwUhJvaMjGei1cFYnjMA="></latexit>
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 Key new tools:
|Uh| ⇠ d1(�h)  1/�h

<latexit sha1_base64="JycCw0D+6wzhxTYCq9b1clfUwvs="></latexit><latexit sha1_base64="JycCw0D+6wzhxTYCq9b1clfUwvs="></latexit><latexit sha1_base64="JycCw0D+6wzhxTYCq9b1clfUwvs="></latexit>

hint:                                       is sufficientLJh([n],�h)
<latexit sha1_base64="Jtg+isZ5vXDZ2sTYAuweGolcQLo="></latexit><latexit sha1_base64="Jtg+isZ5vXDZ2sTYAuweGolcQLo="></latexit><latexit sha1_base64="Jtg+isZ5vXDZ2sTYAuweGolcQLo="></latexit>

LJh(Uh,�h)
<latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit><latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit><latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit>

• control error

LJh(Uh,�h)
<latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit><latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit><latexit sha1_base64="jV08+PmnpM1d8Yx/Bs6cTrmPRRE="></latexit>

• control error LJh(Uh+1,�h+1)
<latexit sha1_base64="zDpFdlnsbQmVMfou7WAstBpHd44="></latexit><latexit sha1_base64="zDpFdlnsbQmVMfou7WAstBpHd44="></latexit><latexit sha1_base64="zDpFdlnsbQmVMfou7WAstBpHd44="></latexit>

|Jh| ⇠
�h

�h+1
de↵(�h)

<latexit sha1_base64="ewONPsB7nXYqOWm8uqiWjuiHs74="></latexit><latexit sha1_base64="ewONPsB7nXYqOWm8uqiWjuiHs74="></latexit><latexit sha1_base64="ewONPsB7nXYqOWm8uqiWjuiHs74="></latexit>

hint:                                   is sufficient

Theorem: Let          ,          and               . Given         ,        when                   ,n 2 N
<latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit><latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit><latexit sha1_base64="kmc2yWYn+MRJhbiXjLRnfnYAcsM=">AAACDXicdVBLSgNBEO2Jvxh/oy7dNAbBVZj8TLILunElEYwJJEPo6VSSJj09Q3dPIAxzBw/gVo/gStx6Bk/gNex8BCP6oODxXhVV9byQM6Ud58NKra1vbG6ltzM7u3v7B/bh0b0KIkmhSQMeyLZHFHAmoKmZ5tAOJRDf49DyxlczvzUBqVgg7vQ0BNcnQ8EGjBJtpJ5tC9xlpnyiR54X3yQ9O+vkCuXiRTWPDakUq5WyIUWnWCrVcD7nzJFFSzR69me3H9DIB6EpJ0p18k6o3ZhIzSiHJNONFISEjskQOoYK4oNy4/nlCT4zSh8PAmlKaDxXf07ExFdq6numc3ah+u3NxL+8TqQHVTdmIow0CLpYNIg41gGexYD7TALVfGoIoZKZWzEdEUmoNmGtbBkBn4BOMhmTzPf7+H/SLORqOee2lK1fLiNKoxN0is5RHlVQHV2jBmoiiiboET2hZ+vBerFerbdFa8pazhyjFVjvX/iTm+Y=</latexit>

� > 0
<latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit><latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit><latexit sha1_base64="bz3uGkMQV0hS4WZFd1/0G1bgmis=">AAACBnicdVBJSgNBFK2OU2ynqEs3hUFwFbrTiUk2EnTjMoJtAp0Qqis/SZHqgarqQGhyAA/gVo/gStx6DU/gNawMghF98OHx3vv8wY85k8qyPozM2vrG5lZ229zZ3ds/yB0e3csoERRcGvFItHwigbMQXMUUh1YsgAQ+h6Y/up75zTEIyaLwTk1i6ARkELI+o0RpyWtzHe0RfImtbi5vFYpl56JqY00qTrVS1sSxnFKphu2CNUceLdHo5j7bvYgmAYSKciKlZ1ux6qREKEY5TM12IiEmdEQG4GkakgBkJ52vPMVnWunhfiR0hQrP1Z8dKQmknAS+TgZEDeVvbyb+5XmJ6lc7KQvjREFIF4P6CccqwrP7cY8JoIpPNCFUML0rpkMiCFX6SytThsDHoKamqT/zfT7+n7jFQq1g3Zby9avli7LoBJ2ic2SjCqqjG9RALqIoQo/oCT0bD8aL8Wq8LaIZY9lzjFZgvH8BqY6Y/Q==</latexit>

� 2 (0, 1]
<latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit><latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit><latexit sha1_base64="WSo2NYyqsAn30XBtQI6cu0At/jI=">AAACDXicdVBLSgNBEO3xG+Nv1KWbxiC4kDBjEpPsgm5cRjBGSIbQ06kkjT09Q3dNIITcwQO41SO4EreewRN4DTsxgoo+KHi8V0VVvTCRwqDnvTkLi0vLK6uZtez6xubWtruze23iVHNo8FjG+iZkBqRQ0ECBEm4SDSwKJTTD2/Op3xyCNiJWVzhKIIhYX4me4Ayt1HHddhckMtoWih55x37QcXNe/qRUOK341JJyoVIuWVLwCsVilfp5b4YcmaPecd/b3ZinESjkkhnT8r0EgzHTKLiESbadGkgYv2V9aFmqWAQmGM8un9BDq3RpL9a2FNKZ+n1izCJjRlFoOyOGA/Pbm4p/ea0Ue5VgLFSSIij+uaiXSooxncZAu0IDRzmyhHEt7K2UD5hmHG1YP7YMQA4BJ9msTebrffo/aZzkq3nvspirnc0jypB9ckCOiE/KpEYuSJ00CCdDck8eyKNz5zw5z87LZ+uCM5/ZIz/gvH4AVtKa4A==</latexit>

n � de↵(�)
<latexit sha1_base64="0Jo4XzThMVoyaxsA7AyseBK7EVA="></latexit><latexit sha1_base64="0Jo4XzThMVoyaxsA7AyseBK7EVA="></latexit><latexit sha1_base64="0Jo4XzThMVoyaxsA7AyseBK7EVA="></latexit>

with probability at least           :1� �
<latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit><latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit><latexit sha1_base64="OAlTwj8kZoPQT+k7bFAfm+L9Iw0=">AAACA3icdVDLTgJBEJzFF+IL9ehlIjHxItllQeBG9OIRExESIGR2aGDC7CMzvSSEcPUDvOoneDJe/RC/wN9weJiI0Uo6qVR1p7vLi6TQaNsfVmJtfWNzK7md2tnd2z9IHx7d6zBWHGo8lKFqeEyDFAHUUKCERqSA+Z6Euje8nvn1ESgtwuAOxxG0fdYPRE9whkZqOBetLkhknXTGzuYK7mXJoYYU3VKxYIhru/l8mTpZe44MWaLaSX+2uiGPfQiQS6Z107EjbE+YQsElTFOtWEPE+JD1oWlowHzQ7cn83ik9M0qX9kJlKkA6V39OTJiv9dj3TKfPcKB/ezPxL68ZY6/UnoggihECvljUiyXFkM6ep12hgKMcG8K4EuZWygdMMY4mopUtA5AjwGkqZZL5fp/+T2q5bDlr3+YzlatlRElyQk7JOXFIkVTIDamSGuFEkkfyRJ6tB+vFerXeFq0JazlzTFZgvX8BJFSYOA==</latexit>

E( bf�,J)� inf
f2H

E(f) . de↵(�)

n
log (1/�) + �+ e�t

<latexit sha1_base64="gKtoK5fhpKdWp5j+p1FlNz02XEo="></latexit><latexit sha1_base64="gKtoK5fhpKdWp5j+p1FlNz02XEo="></latexit><latexit sha1_base64="gKtoK5fhpKdWp5j+p1FlNz02XEo="></latexit>

t � log(n)
<latexit sha1_base64="pKj/4n7Bdts1ImLNyuQX3EHVRo4=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoOgm2Hy0SQ70Y1LBWOEZAg9nUrS2NMz6a4RwpATeAC3egRX4tZbeAKvYSdGUNEHBY/3qqiqF8RSGPS8NyczN7+wuJRdzq2srq1v5De3rkyUaA4NHslIXwfMgBQKGihQwnWsgYWBhGZwczrxm7egjYjUJY5i8EPWV6InOEMr+djuw5C2ZdTfVwedfMFzS4flo1qRWlIt16qHlpS9cqVSp0XXm6JAZjjv5N/b3YgnISjkkhnTKnox+inTKLiEca6dGIgZv2F9aFmqWAjGT6dHj+meVbq0F2lbCulU/T6RstCYURjYzpDhwPz2JuJfXivBXs1PhYoTBMU/F/USSTGikwRoV2jgKEeWMK6FvZXyAdOMo83px5YByFvAcS5nk/l6n/5PGiW37noXlcLxySyiLNkhu2SfFEmVHJMzck4ahJMhuScP5NG5c56cZ+flszXjzGa2yQ84rx/GWZow</latexit><latexit sha1_base64="pKj/4n7Bdts1ImLNyuQX3EHVRo4=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoOgm2Hy0SQ70Y1LBWOEZAg9nUrS2NMz6a4RwpATeAC3egRX4tZbeAKvYSdGUNEHBY/3qqiqF8RSGPS8NyczN7+wuJRdzq2srq1v5De3rkyUaA4NHslIXwfMgBQKGihQwnWsgYWBhGZwczrxm7egjYjUJY5i8EPWV6InOEMr+djuw5C2ZdTfVwedfMFzS4flo1qRWlIt16qHlpS9cqVSp0XXm6JAZjjv5N/b3YgnISjkkhnTKnox+inTKLiEca6dGIgZv2F9aFmqWAjGT6dHj+meVbq0F2lbCulU/T6RstCYURjYzpDhwPz2JuJfXivBXs1PhYoTBMU/F/USSTGikwRoV2jgKEeWMK6FvZXyAdOMo83px5YByFvAcS5nk/l6n/5PGiW37noXlcLxySyiLNkhu2SfFEmVHJMzck4ahJMhuScP5NG5c56cZ+flszXjzGa2yQ84rx/GWZow</latexit><latexit sha1_base64="pKj/4n7Bdts1ImLNyuQX3EHVRo4=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoOgm2Hy0SQ70Y1LBWOEZAg9nUrS2NMz6a4RwpATeAC3egRX4tZbeAKvYSdGUNEHBY/3qqiqF8RSGPS8NyczN7+wuJRdzq2srq1v5De3rkyUaA4NHslIXwfMgBQKGihQwnWsgYWBhGZwczrxm7egjYjUJY5i8EPWV6InOEMr+djuw5C2ZdTfVwedfMFzS4flo1qRWlIt16qHlpS9cqVSp0XXm6JAZjjv5N/b3YgnISjkkhnTKnox+inTKLiEca6dGIgZv2F9aFmqWAjGT6dHj+meVbq0F2lbCulU/T6RstCYURjYzpDhwPz2JuJfXivBXs1PhYoTBMU/F/USSTGikwRoV2jgKEeWMK6FvZXyAdOMo83px5YByFvAcS5nk/l6n/5PGiW37noXlcLxySyiLNkhu2SfFEmVHJMzck4ahJMhuScP5NG5c56cZ+flszXjzGa2yQ84rx/GWZow</latexit>

In particular, when                         , for          , by selectingde↵(�) . ��1/↵
<latexit sha1_base64="pfg+uruuOzOh7WLXyou7dSLIgBo="></latexit><latexit sha1_base64="pfg+uruuOzOh7WLXyou7dSLIgBo="></latexit><latexit sha1_base64="pfg+uruuOzOh7WLXyou7dSLIgBo="></latexit>

↵ � 1
<latexit sha1_base64="Gg63VkEHG7zugt80vKJXNid4YCw=">AAACCHicdVBLSgNBEO3xG8df1KWbxiC4GmbyMcku6MZlBGMCmSH0dGqSJj2fdPcEQsgJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8xPOpLLtD2NtfWNzazuzY+7u7R8cZo+O72WcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk1/cD3zmyMQksXRnRon4IWkF7GAUaK05LmEJ32C3R4MsdPJ5mwrXypcVhysSblQKZc0KdiFYrGKHcueI4eWqHeyn243pmkIkaKcSNl27ER5EyIUoxympptKSAgdkB60NY1ICNKbzI+e4nOtdHEQC12RwnP158SEhFKOQ193hkT15W9vJv7ltVMVVLwJi5JUQUQXi4KUYxXjWQK4ywRQxceaECqYvhXTPhGEKp3TypY+8BGoqWnqZL7fx/+TRt6qWvZtMVe7WkaUQafoDF0gB5VRDd2gOmogioboET2hZ+PBeDFejbdF65qxnDlBKzDevwCWGpoS</latexit><latexit sha1_base64="Gg63VkEHG7zugt80vKJXNid4YCw=">AAACCHicdVBLSgNBEO3xG8df1KWbxiC4GmbyMcku6MZlBGMCmSH0dGqSJj2fdPcEQsgJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8xPOpLLtD2NtfWNzazuzY+7u7R8cZo+O72WcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk1/cD3zmyMQksXRnRon4IWkF7GAUaK05LmEJ32C3R4MsdPJ5mwrXypcVhysSblQKZc0KdiFYrGKHcueI4eWqHeyn243pmkIkaKcSNl27ER5EyIUoxympptKSAgdkB60NY1ICNKbzI+e4nOtdHEQC12RwnP158SEhFKOQ193hkT15W9vJv7ltVMVVLwJi5JUQUQXi4KUYxXjWQK4ywRQxceaECqYvhXTPhGEKp3TypY+8BGoqWnqZL7fx/+TRt6qWvZtMVe7WkaUQafoDF0gB5VRDd2gOmogioboET2hZ+PBeDFejbdF65qxnDlBKzDevwCWGpoS</latexit><latexit sha1_base64="Gg63VkEHG7zugt80vKJXNid4YCw=">AAACCHicdVBLSgNBEO3xG8df1KWbxiC4GmbyMcku6MZlBGMCmSH0dGqSJj2fdPcEQsgJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8xPOpLLtD2NtfWNzazuzY+7u7R8cZo+O72WcCgoNGvNYtHwigbMIGoopDq1EAAl9Dk1/cD3zmyMQksXRnRon4IWkF7GAUaK05LmEJ32C3R4MsdPJ5mwrXypcVhysSblQKZc0KdiFYrGKHcueI4eWqHeyn243pmkIkaKcSNl27ER5EyIUoxympptKSAgdkB60NY1ICNKbzI+e4nOtdHEQC12RwnP158SEhFKOQ193hkT15W9vJv7ltVMVVLwJi5JUQUQXi4KUYxXjWQK4ywRQxceaECqYvhXTPhGEKp3TypY+8BGoqWnqZL7fx/+TRt6qWvZtMVe7WkaUQafoDF0gB5VRDd2gOmogioboET2hZ+PBeDFejbdF65qxnDlBKzDevwCWGpoS</latexit>

�⇤ = n�↵/(↵+1)
<latexit sha1_base64="hK4jGi8TYWg3schRWp/zs9A5eDM="></latexit><latexit sha1_base64="hK4jGi8TYWg3schRWp/zs9A5eDM="></latexit><latexit sha1_base64="hK4jGi8TYWg3schRWp/zs9A5eDM="></latexit>

R( bf�⇤,J) . n� ↵
↵+1

<latexit sha1_base64="c3jEJllV148VZbl9r0Fu6RjjWw4="></latexit><latexit sha1_base64="c3jEJllV148VZbl9r0Fu6RjjWw4="></latexit><latexit sha1_base64="c3jEJllV148VZbl9r0Fu6RjjWw4="></latexit>

min
f2H

E(f) E(f) =
Z

(y � f(x))2 d⇢(x, y)
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unknownRKHS of kernel k

Given                 i.i.d. samples from   , minimize the expected risk⇢
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Experiments

Much faster convergence

Limited accuracy improvement when using LS sampling over uniform. Data too easy?

Datasets: n ⇡ 5 · 106
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• SUSY: n ⇡ 107
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• HIGGS:

Greater stability  
with respect to hyper-parameters

(1s + 10m vs 12s + 2m) (1s + 5h vs 1.5m + 1.4h)

FALKON [4]BLESSuniform
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